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Abstract: A method is presented here for structural optimization of elliptical-tip star grain. The grain

structural integrity was improved by minimizing the most critical area of inner bore hoop strain during cool

down. Optimization was done by sub-problem approximation method in conjunction with finite element analy-

sis. Both radii of the ellipse were varied during optimization to find the optimal ellipse. The optimization resul-

ted in grain geometry having minimum level of Inner bore hoop strain without violating the preset limits of

burning perimeter. The von mises strain at grain inner bore was also reduced in resultant grain.
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Introduction

Star grain geometry has been and still very
widely used configuration in solid propulsion
systems, because of its simplicity, reliability and
neutral burning. Different optimization algo-
rithms have been applied for ballistic optimiza-
tion of various solid propellant grains. However
in order to get required performance it is also im-
portant to optimize structural integrity of grain.
Grain structural integrity analysis is an evalua-
tion of ability of a solid propellant rocket motor
to perform satisfactorily throughout a specified
environment'!, For this purpose stresses,
strains and deformations experienced by grain
during its life cycle are analyzed. A distinctive
property of solid rocket motor is the manner in
which burning surface changes during motor op-
eration. The burning surface at each point re-
cedes in the direction normal to that of the sur-
face resulting in a relation between burning sur-

face and web distance burned depending almost
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entirely on initial shape™,

This initial shape al-
so depicts structural integrity of grain. In struc-
tural integrity analysis, theoretical model was
the first choice for researchers because of totally
correct and unique solution. However, analyti-
cal solution to a viscoelastic problem has only
been possible for certain simple configurations
and for material properties which are represented
by L

Therefore when considering complex shapes and

relatively simple viscoelastic models

material properties, numerical techniques are
necessary for grain structural integrity evalua-
tion.

Typical strain grain has circular tips consis-
ting of one or two circular radii. Changing circu-
lar slot tip profile to an elliptical contour has
been used previously to maximize peak strain re-
duction'"”. Predrag Milos has demonstrated pos-
sibilities for designing the star shape propellant
grain in such a manner that stresses and strains
are minimized without compromising on internal

ballistic®?. His main idea was to introduce ellip-
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tical fillet instead of classic circular fillet of star
valley in order to minimize stress concentration
factor. This method involves calculating stress
concentration factor by increasing ellipse ratio
from 0. 3 to 1. 0 and choosing one with lowest
stress factor.

In this paper two methods were used for
structural optimization. First order and sub-
problem approximation method integrated with
finite element analysis were applied to optimize
grain geometry for bore hoop thermal strain. In
our problem, ellipse ratio was changed by var-
ying both major and minor radius simultaneously
instead of changing only one of the radiuses.
This is applied for best possible combination in
order to minimize strain value while keeping the
burning perimeter in predefined limits.

First order uses gradients of design varia-
bles for optimization while sub-problem approxi-
mation method replaces the dependant variables
by least squares fitting approximation process
and converts the problem in an unconstrained
one by adding penalty factor. The later method
proved to be more efficient while being simple
and reliable possessing the ability to find the
global optimum in the design space rather than

the local minimum.
1 Computation methodology

1.1 Finite element model

Analytically the formulation of a linear elas-
tic static structural problem for a solution by the
displacement method is appropriately described

by the matrix form

[K]{D} = (R} (D

Where K is the stiffness matrix, D is the

unknown and in structural problems it is the

nodal displacements and R is the load vector.
Solution for unknown D is

{D} = [K] (R} (2)

For simple case stiffness matrix is obtained

by direct method, but generally for most ele-

ments a general formula is used, which in its

simplest form is

(K] = J[B]T[E][B]dV (3)

Here B is the strain-displacement matrix, E
is the material property matrix or the constitu-
tive matrix and dV is an increment of the ele-
ment volume V. To take into account the geo-
metrical and material nonlinearities in the finite
element analysis, also true for propellant, an in-
cremental approach is often used for numerical
simulation. Therefore, E is variable and is upda-
ted at each load step to consider the nonlinear
material properties. The effect of geometrical
nonlinearity is incorporated by modifying the B
matrix at each load step.

In order to successfully compute a solution
to any boundary value problem the problem must
be well posed. The model must include properly
defined geometry, material properties, and
boundary conditions such that the resulting sys-
tem is numerically tractable and does not involve
singularity. Prime consideration for the struc-
tural analysis is to keep desired accuracy while
making the model simplet®.

Since our geometry has natural planes of
symmetry so the model was reduced according-
ly. In our case the slots occur at regular angular
intervals and through the use of displacement
type boundary conditions advantage was taken of
this symmetry to reduce the model to only a sin-
gle segment. Likewise for very long structures
or structures that are constrained in the “out-of-
plane” direction the plane strain assumption is
valid which was used to model the grain in only
two-dimensional (2-D) geometry. A higher or-
der 2-D, 8node element having quadratic dis-
placement behavior with plane strain conditions
was used. It is well suited to modeling irregular

meshes.
1.2 Propellant constitutive model

In order to predict response of viscoelasitc
propellant, it is necessary to know the parame-
ters of material as function of time and tempera-
ture. According to Boltzmann superposition in-
tegral, for a simple, non-aging, linear viscoelas-

tic material the stress is related to an arbitrary
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strain history through a convolution integral of
the form

de
dr

Where 5(t) is stress relaxation and E(¢) is

(1) :J'EU—T) de 1)
0

relaxation modulus. For temperature dependence
it is assumed that the material is described by a
thermorheologically simple model. So the tem-
perature dependence is separated from the time
dependence through the use of a time-tempera-
ture shift and the substitution of a so called
“pseudo or reduced time” for real time in the

convolution integral. So the integral becomes
&
dé

Here reduced time é&=¢/a, and a, is the time-

(1) :j’E@—é) 4z (5)

temperature shift factor.

For a complete set of relaxation modulus
data a series of constant strain level tests are re-
quired at different temperatures within the oper-
ating temperature range for the motor. The high
temperature short term results are shifted later-
ally on the time scale and converted into a single
master relaxation modulus curve. These shifted
values, recorded as a function of temperature,
are used to define the shift factor curve. This

time temperature shift was modeled using the

Williams-Landel-Ferry (WLF) function.

Cl(T_T())
C,+(T—Tp

Where C, and C, are material constants, T,

lga, = (6)

is reference temperature and T the test tempera-
ture.

The values used here are

C,=5.9548, C,=161.84, T,=293.15

As the propellant grain is to be modeled u-
sing appropriate viscoelastic model, therefore
the modulus relaxation data is required to be in a
suitable form to be used in structural analysis
code. Frequently the relaxation modulus is re-
presented by a Prony series. This is based on
Maxwell model having a number of spring-dash-
pot Maxwell elements arranged in parallel to
each other, while one single spring having stiff-

ness E_. present in parallel.

E@® =E._ + ZE . exp<—§) 0,

Where E.. is the equilibrium modulus, E;
are the relaxation coefficients, and A; are the re-
laxation times in the form of reduced time A; =¢;/
a,. In this case, 10 terms Prony series was

used. The material properties used are shown in

Table 1.

Table 1 Material properties

Property Propellant Insulation Case

Modulus of elasticity/MPa .6 59.4 205000
Coefficient of expansion/10 % (1/K) 63 6.3
Poisson’s ratio 0.49 0.49 0.3

1.3 Grain geometry and loading conditions

The model was built parametrically so that
the finite element solver can change parameters
as required by optimizer module. The design was
programmed in ANSYS parametric design lan-
guage. The temperature load applied was of 30
K, from initial value of 323 K and time for cool
down was 48 h. For simplification it was as-
sumed that due to long cooling time, grain will

be uniformly at 293 K after cooling and further-

more temperature will be uniform throughout
the grain at any particular time. The initial grain
geometry is shown in Fig. 1 and has following
parameters, whose values are listed in Table 2.
Number of star points N
Web fraction w

Grain outer radius

Web half angle

R
Case outer radius R.
2
Ellipse radii A
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Cusp radius s

Fig.1 Grain geometry

Table 2 Design parameters

Parameter name Parameter value

N 6

Case thickness/mm 4
Insulation thickness/mm 2
Grain radius/mm 594
Web/mm 224

Ellipse major radius A/mm 56
Ellipse minor radius B/mm 40
L(R-Web-B)/mm 330
Cusp radius/mm 30
Web half angle/(*) 35

Since both the major and minor axis has to
be changed in the optimization and the segment
connecting cusp radius to ellipse should always
be tangent to both, so x,y coordinates of tan-
gential point at ellipse for each of the different
designs is needed. For this purpose analogy of a
circle deformed in ellipse was used'™. This anal-
ogy is shown in Fig. 2. On the left is a circle
with tangent line, which is flattened by a factor
b/a in the right side.

The triangles in the circle are similar but

27
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Fig. 2 Ellipse tangential segment

not in the ellipse. Equations (8) — (11) were

used to get required values.

tanB’ = 0Q’ /0P (8)

tanB = OQ/OP = (b/a)OQ’/OP =
(b/a) tanB’ €))

tanA = y/x = (b/a)y /x =
(b/a)tanA’ (10)

tanC = cot(A+ B) =

1 —tanAtanB
tanA + tanB

The finite element model (FEM) was gener-

(1D

ated in such a way so as to use the planes of sym-
metry as depicted in Fig. 3. The boundary condi-

tions applied for symmetry are also evident in it.
1.4 Optimization technique

Initially first order and Sub-problem ap-
proximation optimization techniques were em-
ployed. The first order method uses gradients of
the dependent variables and is computationally
expensive. In this method, problem is converted
to an unconstrained one by adding penalty func-
tion. Each iteration performs gradient calcula-

tion to find search direction and line search strat-
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Fig. 3 Finite element model

egy is used to minimize this unconstrained prob-
lem. The sub-problem method is a type of zero
order optimization which uses only the value of
dependent  variables  during  minimization
process, unlike first or second order which use
first and second derivatives™. The main con-
cepts in this method are the use of approxima-
tions for the all dependent variables including
objective function, and the conversion of the
constrained optimization problem to an uncon-

L7101 Tn this method, the pro-

strained problem
gram establishes the relationship between the
objective function and the design variables by
curve fitting. This is done by calculating the ob-
jective function for several sets of design variable
values and performing a least squares fit between
the data points. The curve or surface obtained is
called an approximation. This approximation is
then converted to a non constrained problem u-
sing penalty function. And finally this approxi-
mation is minimized during optimization process
until convergence is achieved.

This problem can be stated as

min F = f(x) (12)

Subject to
g <g G=1,2,3,,m) (13)
h <h(x) (G=1,2,3,,my) (14)

w < w () <w  (G=1,2,3,,m;)
15

Where f is objective function and g;, h;» w;
are state variables containing the design, m,,
m,, ms the number of state variables.

The objective function is approximated

as follows

f(x) = f(x) + E.ror (16)

Similarly all the state variables are also ap-
proximated. The most complex form that the
approximations can take on and used here is a
fully quadratic representation with cross terms.

For the objective function

f =a, + i}a,xi + 2 Zli)b,jx,vxj a7

Where a; and b; are coefficients whose val-
ues are determined by the weighted least squares
technique. Afterwards, this constrained prob-
lem is converted into unconstrained one by im-
posing penalty function.

Fx.p) = jf+fopk[2x<xi>+

i=1

my m, my

256 + D2JHG) + 23Ww) ] (18)

i—1 i=1 =1

Here X is the penalty function used to en-
force design variable constraints; and G, H, and
W are penalty functions for state variable con-
straints. A sequential unconstrained minimiza-
tion technique is used to solve this equation.

In our case the objective function is bore
hoop strain due to thermal load. This was se-
lected as it is one of the critical area of strain due
to thermal loads. The design variables of this
problem are A and B while the state variables
are ellipse ratio and burning perimeter. All the
variables involved and their allowable ranges are

given in Table 3.

Table 3 Variable list

Variable Variable type Variation range
A/mm Design 48—64
B/mm Design 20— 60

Ellipse ratio State 0.26—1.00
Burn perimeter/m State 0.255—0. 275
Bore hoop strain Objective Minimize
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A set of 30 random designs was generated
before optimization to provide initial data points
for curve fitting and ease up in convergence of
sub-problem and also generating initial feasible
sets for first order.

Though optimization is done for reduction
in bore hoop strains due to thermal shrinkage, it
is also applicable to internal pressurization dur-
ing ignition. The pressure loading will cause dif-
ferent strain levels but having reduced values.
The optimized ellipse has lower strain owing to
lower stress concentration factor which is de-
pendent on geometry, not on loading type and
same stress concentration is applicable for stress
analysis in both types of loadingst 17,

The design variables and their ranges are in
certain relation to grain radius and web because
of ballistic requirements of pressure, thrust and
sliver during flight. For example A=0. 1R, and
ry20. 05R,. So with change of grain radius, the
values of design variables will change and for
small motors the A, B and r, will be very small
and not practical. Thus extending a dimensional
assessment for structural integrity may not be

possible.

2 Results and analysis

The resultant grain geometry showed signif-
icant reduction in bore hoop strain after optimi-
zation. The first order method took more sets to
converge compared to sub-problem method but
the resulting geometry had higher strain
(0.013034)  than  that of
(0.012859) method and thus sub-problem meth-

od was found to be more efficient. Sub-problem

sub-problem

method however involves approximations so it
was investigated for errors involved. As the de-
sign optimization consists of only 2 design varia-
bles having very small design range due to con-
straints on geometry with a large number of ran-
dom sets (30), the possibility of unexplored de-
sign space is minimal thus the response surface
error will also be minimum. To further ensure
that errors are at minimal level, a sub-optimiza-

tion loop based on 40 random sets was later per-

formed. The bore hoop strains further reduced
to 0. 012813, but the computation time also in-
creased by about 30% because of calculating 10
additional random sets. The reduction in maxi-
mum strain value was 18 16% with 30 sets
while 18 46% with 40 sets. These results are
shown in Table 4.

Table 4 Optimization results

Random Total Hoop Reduction

Method
sets sets strain in strain/ %
Initial design 1 0.015714
First order 30 37 0.013034 17.05
Sub-problem 30 33 0.012859 18.16
Sub-problem 40 43 0.012813 18. 46

Keeping in view the reduction in strain a-
chieved compared to increase in computation
time, it can be deduced that errors in sub-prob-
lem method with 30 random sets were at mini-
mum level and results can be used in design
process.

The complete results of sub-problem opti-
mization based on 30 sets are listed in Table 5
while the strains of initial and optimized geome-
try are shown in Fig. 4 —Fig. 7. In addition to
reduction in hoop strain, von-mises strain also
reduced. The ratio of ellipse in final design thus
calculated was 0. 47992 with optimum strain lev-
el. It must be mentioned here that this optimum
ratio changes with change in ratio of grain radius
to inner bore radius. So this ratio is suitable for

this grain only.

Table 5 Optimization results of sub-problem (30 sets)

Variable Initial design Final design
A/mm 56 63. 862
B/mm 40 30. 649

Ellipse ratio 0.714 0.47992
Burn perimeter/m 0.264833 0.26181
Bore hoop strain 0.015714 0.012859
Von-Misses strain 0.022785 0.019493
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The variation of design variables A and B
during random sets and approximation is shown
in Fig. 8. First set shows initial configuration,
sets 2 to 31 are randomly generated sets while 32
and 33 are optimization sets. Bore hoop strain is

similarly shown in Fig. 9.

0.002388  0.006663 ~ 0.010941 0.015217 0.019493
—_— =
0.000250  0.004527 0.008803 0.013079 0.017355

Fig. 7 Optimized grain Von-Misses strain

70
£ 60 |
0.001746  0.005238  0.00873 0.012222 0.015714 E
— — — = 5ol
0 0.003492  0.006984 0.010476 0.013968 E
g 40}
Fig. 4 Initial grain bore hoop strain =
& 30F
= 4
@ -
— 20} B
10 . 5 . . , , )
0 5 10 15 20 25 30 35

Design set No.

Fig. 8 Variation of ellipse parameters during random

and sub-problem optimization

2.2
2.0 I ]
0.001429  0.004286 ~ 0.007144 0.010001 0.012859 1.8 4 { \A K ]\]\ ]
— ==

0 0.002858 0.005715 0.008573 0.01143 1.6 /\ ’ V \ /\! V\ 1 /\/\AA
Fig. 5 Optimized grain bore hoop strain 1:4 ‘ V \! V \‘__/V : V j \ A

Strain/%

1.0

0 5 10 15 20 25 30 35
Design set No.

Fig. 9 Variation of bore hoop strain during random

and sub-problem optimization

The optimization loop resulted in ellipse

having ellipse ratio with optimum value of ellipse

minor radius and an attendant increase of ellipse

0.002754  0.007762 0.012769  0.017777 0.022785 major radius. This is true since bigger the radi-
— —e— —
0.000250  0.005258 0.010266 0.015273 0.020281

us, lesser is the strain. Same is observed in re-

Flg 6 Initial grain Von-Misses strain SultS. From the Flg. 8 and Flg. 9 lt can be seen
that set No. 25 and 28 have low B and high A

(C)1994-2022 China Academic Journal Electronic Publishing House. All rights reserved. http://www.cnki.net
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Fur-
thermore in set No. 27 both A and B are on high-

values but the strains were not minimal.

er sides but the strains are still not minimal.

3 Conclusions

In present work, design of star grain on the
basis of structural optimization is proposed. Fi-
nite element analysis was carried out for struc-
tural analysis while first order and sub-problem
approximation method were used to minimize the
critical strain. Sub-problem method was found
more appropriate for star grain problem since
significant and comparably higher reduction in
bore hoop strain was achieved with lesser com-
putational effort. It was also observed that ran-
dom sets generated prior to optimization resulted
in quick convergence. The approximations in-
volved in this method were observed to be mini-
mal by performing optimization based on addi-
tional random sets. Although the optimization
performed is for thermal loading but can also be
applied effectively for pressure loading. Al-
though this is an approximation method but it

has gained significant popularity among develop-

ers of structural optimization systems.
Additional work and refinement

Advanced optimization methods can be em-
ployed for the further reduction of maximum
strains in grain. Moreover it can also be included
in ballistic optimization of solid rocket grain so
that the final design is optimized not only for
ballistic requirements but also for structural in-

tegrity considerations.
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